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_IX. SPECIAL PROBLEMS

1. DUPLICATION OF THE CUBE
() GENERAL
Theon Smyr., ed. Hiller 2. 3-12
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Eutoe. Comm, in drchim. de Sphaera ¢t Cyl. 1., Archim.

ed, Heiberg iii. 88. 4-90. 13

Baoet Troepalw "Eparoobéans xaipety.

-~ 1
Tév dpyaiwy TWe Tpay@doToidy (f)’cr.a'w elcaya~
yetv 7ov Mive 74 Thadkey karacxevdlovra Tddov,

s Wilamowitz (Géet. Nashr., 1804} shows that the letter is
a forgery, but the(:re is no reason to doubt the story it relates,
which is indeed amply confirmed ; and the author must be
thanked for having included in his letter a proof and an
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IX. SPECIAL PROBLEMS

1. DUPLICATION OF THE CUBE
(¢) GeNERAL

Theon of Smyrna, ed. Hiller 2, 3-12

In his work entitled Plafonicus Eratosthenes says
that, when the god announced to the Delians by
oracle that to get rid of a plague they must con-
struct an altar double of the existing ome, their
craftsmen fell into great perplexity in trying to
find how a solid could be made double of another
solid, and they went to ask Plato about it. He
told them that the god had given this oracle, not
because he wanted an altar of double the size, but
because he wished, in setting this task before them,
to Teproach the Greeks for their neglect of mathe-
matics and their contempt for geometry.

.Futocius, Commentary on Archimedes” Sphore and Cyliﬁder

it., Archim. ed. Heiberg iil. 88. 4-90. 13

To King Ptolemy Eratosthenes sends greeting.®
They say that one of the ancient tragic poets

~ represented Minos as preparing a tomb for Glaucus,

epigram, taken from a votive monument, which are the
genuine work of Eratosthenes (infra, pp. 294-207). The
monarch addressed is Piolemy Euergetes, to whose son,

. Philopator, Eratosthenes was tutor.
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¢ Valckenaer attributed these lines to Furipides, but
Wilamowitz has shown that they cannot be from any play by
Aeschylus, Sophocles or Furipides and must be the wor of
some minor poet. .
v [or if @, y are mean proportionals between 4, b,
a_z_¥
2=37%
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and as declaring, when he learnt it was a hundred feet
each way : * Small indeed is the tomb thou hast
chosen for a royal burial. Let it be double, and thou
shalt not miss that fair form if thou quickly doublest
each side of the tomb.” ¢ He seems to have made a
mistake. For when the sides are doubled, the surface
becomes four times as great and the solid eight times.
It became a subject of inquiry among geometers in
what manner one might double the given solid, while
it remained the same shape, and this problem was
called the duplication of the cube ; for, given a cube,
they sought to double it. When all were for a long
time at a loss, Hippocrates of Chios first conceived
that, if two mean proportionals could be found in
continued propertion between two straight lines, of
which the greater was double the lesser, the cube
would be doubled,? so that the puzzle was by him
turned into no less a puzzle. After a time, it is
velated, certain Delians, when attempting to double
& certain altar in accordance with an oraele, fell into
the same quandary, and sent over to ask the geo-
meters who were with Plato in the Academy to
find what they sought. When these men applied
themselves diligently and sought to find two mean
proportionals between two given straight lines,

Therefore

and, eliminating ¥,

50 that

This property is stated in Eucl. Elem. v, Def. 10,

If b=2a, then = is the side of & cube double a cube of side a.

Once this was discovered by Hippocrates, the problem was
always so treated.
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(8) Sorurions arvew sy Eurocius

Futoe. Comm, in Archim. de Sphaera ¢t Oyl. ii., Archim.
ed. Heiberg iil. 54, 26-56. 12

-~ ’
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a ¢ (}ven a cone or cylinder, to find a sphere equal to the
cone or cylinder ** (Archim. ed. Heiberg i 170-174),

® This is a great misfortune, as we may be sure Eudo_xus
would have treated the subject in his usual brilliant fashion.
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Archytas of Taras is said to have found them by the
half-cylinders, and Eudoxus by the so-called curved
lines ; but it turned out that all their solutions were
theoretical, and they could not give a practical con-
struction and turn it to use, except to a certain small
extent Menaechmus, and that with difficulty. Aneasy
mechanieal solution was, however, found by me, and
by means of it I will find, not only two means to the
given straight lines, but as many as may be enjoined.

(b) Sorrrions erven ey Eurocrus

Eutocing, Commentary on Archimedes’ Sphers and Cylinder
ii., Archirh. ed. Heiberg ili. 54. 26~56. 12

On the Syntkesis of Prop. 1°

With this assumption the problem became for him
one of analysis, and when the analysis resolved itself
into the discovery of two mean proportionals in con-
tinuous proportion between two given straight lines
he says in the synthesis: “ Let them be found.”
How they were found we nowhere find deseribed by
him, but we have come across writings of many
famous men dealing with this problem. Among
them is Eudoxus of Cnidos, but we have omitted his
account,? since he says in the preface that he made
his discovery by means of curved lines, but in the
demonstration itself not only did he not use curved

Tannery (Mémoires scientifiques, vol. i, pp. 53-61) suggests
that Fudoxus's construction was a modified form of that by
Archytas, for which see infra, pp. 264-289, the modification
being virtually projection on the plane. Heath (H.GLAL i.
249-251) considers Tannery's suggestion ingenious and
attractive, but too close an adaptation of Archytas's ideas
to be the work or so original a mathematician as Eudoxus.
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Ibid. 56, 18-68. 14
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-

- ~ h)
“Eorwoay of Sofeioar 8o edfelat at ABT' mpos

@ The complete list of solutions given by Eulocius is:
Plato, Heron, Philon, Apolionius, Diocles, Papéms, Sporus,
Menaechmus (two 50 utions), Archytss, ratosthenes,
Nicomedes. . L. .

® It is virtually certain that this solution is wrongly attri-
buted to Plato. Eutocius alone mentions it, and if it had
been known to Eratosthenes he could bardly have failed to
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lines but he used as continuous a discrete proportion
which he found. That would be a foolish thing to
imagine, not only of Eudoxus, but of any one moder-
ately versed in geometry. In order that the ideas
of those men who have come down to us may be made
manifest, the manner in which ecach made his
discovery will be deseribed here also.?

Ibid. 56. 13-58. 14
(i.) The Solution of Plato®

Given two straight lines, to find two mean proportionals
in continuous proportion.

A

. A
Tet the two given straight lines be AB, BT, per-

cite it along with those of Archytas, Menaechmus and

Eudoxus. Furthermore, Plato told the Delians, according to

Plutarch’s account, that Eudoxus or Helicon of Cyzicus

wonld solve the problem for them: he did not apparently
ropose to taclkle it himself. And Plutarch twice says that
lato objected to mechanical solutions as destroying the

iood of geometry, a statement whieh is consistent with his
nown attitude towards mathematies.
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pendicular to each other, between which it is required
to find two mean proportionals. Let them be pro-
duced in a straight line to 4, E, let the right-angle
ZH6 be constructed, and in one leg, say ZH, let the
ruler KA be moved in a kind of groove in ZH, in such
a way that it remains parallel to HO. This will come
about if another ruler be conceived fixed to 6H, but
parallel to ZH, such as OM. If the upper surfaces of
ZI, OM are grooved with axe-like grooves,® and there
are notehes on KA fitting into the aforementioned
grooves, the motion of KA will always be parallel to
H6. When this instrument is constructed, let one leg
of the angle, say HO, be placed so as to touch T, and
let the angle and the ruler KA be turned about until
the point H falls upon the straight line BA, while the
leg HO touches I', and the ruler KA touches the
straight line BE at K, and in the other part touches A,
so that it comes about, as in the figure, that the right

- . angle takes up the position of the angle I'AE, while

® The grooves are presumably after the manner of the

accompanying diagram, or, as we should say, the notches
and the grooves are dove-tatled. )
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TAE, rév 8¢ KA kovdva Oéow Exew, olav &xer ]
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Ibid. 58. 15-16
‘Qs “Hpew & Muyamuals eloaywryals ral év Tols
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Papp. Coll. ii. 9. 26, ed. Hultsch 62. 19-64. 15; Heron,
Mech. i, 11, ed. Schmidt 268, 3-270. 15
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drdAayor eUpetv.

s The account may become clearer from the accompany-
ing diagram in which the instrament is indicated in its final

s e . i e L ST
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the ruler KA takes up the position EA.* When this
is done, what was enjoined will be brought about.
For since the angles at A, E are right, FB:BA=
AB : BE=EB : BA, [Eucl. vi. 8, coroll.]

Ibid, 58. 15-18

ity The Solution of Heron in kis * Mechanics * and
* Construction of Engines of War™?

Pappus, Collection iii. 9. 26, ed. Hultsch 62. 19-64. 18;
Heron, Mechandcs i. 11, ed. Schmidt 268. 3-270. 15

Let the two given straight lines between which it

isrequired to find two mean proportionals be AB, BT’
lying at right angles one to another.

position by dotted lines. H® is made to pass through I'and
the instrument is turned until the point H lies on AB pro-
duced. The ruler is then moved untl its edge KA passes
through A. If K does not then lie on I'B produced, the
instrument has to be manipulated again until all conditions
are fulfilled : (1) HEQ passes through I'; (2) T lies on AB
produced s (3) KA passes through A (4} K lies on I'B
preduced. It may not be easy to do this, but it is possible.

b Heron’s own words have been most closely preserved by
Pappus, whose version is bere given in preference to Eutocius’s,
which ineludes some additions by the commentator. Schmidt
also prefers Pappus’s version in his edition of the Greek frag-
ments of Heron's Meckanics in the Teubner edition of Heron's
works {vol. ii., fase. 1). The proof in the Belopoeica (edited
by Wescher, Poliorcétique des Grecs, pp. 116-119) is extant,
Philon of Byzantium and Apollonius gave substantially
identical proofs.
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s The full proof requires H® to be drawn perpendicular to
AZ so that ® bisects AA. :

Then ) AZ . ZA+AQT=2Z0% [Eucl. ii. &
Add H@® to each side.

Then AZ. ZA 4 AH=HZ" [Eucl. i. 47
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Let the parallelogram ABTA be completed, and
let AT, AA be produced and let AB, I'A be joined,

z

i r E

and let a ruler be placed at B and moved about
until the sections I'E, AZ cut off [from AT, AA
produced] are such that the straight line drawn
s from H to the section I'E is equal to the straight
line drawn from H to the section AZ. Let this
be done, and let the position of the ruler be EBZ,
go that EH, HZ are equal. I say that AZ, I'E are
mean proportionals between AB, BI.

For since the parallelogram ABT'A is right-angled,
the four straight lines AH, HA, HB, HI' are equal
one to another. Since AH is equal to AH, and HZ
has been drawn (from the vertex of the isosceles
triangle AHA to the base), therefore ¢
' AZ ., ZA 3+ AH2=HZ2,

For the same reasons
AE.ET 4+ T'H2=HE3,
But HE, HZ are equal,
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HZ. foov dpa xal 76 dmo AZA perd Tob dmd
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AZ,§ ZA wpds TE. s de 1 EA mpos AZ, 7 TeE
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ws 1 AB mpos AZ, 7 Te ZA mpos T'E rat 7 I'E
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af AZ, TE/]

Eutoe. Comm. in Archim. De Sphasre et Cyl. ii., Archim.
ed. Heiberg iii. 66. §-70. 5
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rot Z mapdMnlos f AD Hxbew 5§ ZH, ral ém-
eledxfw 5 AE. Myw, 611 TOY I'H, HO 8Jo péoas
dvdAoydy elow af ZH, HA.

"Hyfw yap 8id Tof E i AB mapdMylos

aThe Greek text of the Ilept mupleww of Diocles has been lost
“but two fragments attributed to him by name but to some extent
reformulated in contemporary mathematical language have been
preserved by Futocius—the one here translated and the otherin
Archim. ed. Heiberg iii.160.2-174.4. This contains a solution by
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Therefore AZ.ZA + AH2=AE.E'+T'H3,
And AH?2= T'He,
Therefore AZ  ZA=AE .E[.
Therefore EA : AZ==ZA :TE,
But (by similar triangles)

EA : AZ=BA : AZ=ET : T'B,
so that AB:AZ=ZA :TE=TFE : T'B.

Therefore AZ, TE are mean proportionals between
AB,BI']

Eutocius, Commentary on drchimedes’ Sphere and Cylinder
ii., Archim. ed. Heiberg iii. 66. 8-70. 5 -

(iii.) T%he Solution of Diocles tn kis Book
* On Burning Mirrors ™ @

In a circle let there be drawn two diameters AB,
TA at right angles, and on either side of B let there
be cut off two equal ares EB, BZ, and through Z let
ZH be drawn parallel to ADB, and let AL be joined.
I say that ZH, HA are two mean proportionals
between I'H, HO.

For let EK be drawn through E parallel to ABj;

means of conics of the problem of dividing a sphere by a plane in
such a way that the volumes of the resulting segments shall be in
a given ratio. An Arabic translation of ﬁie whole work has,
however, now been found in the Shrine Library at Meshed and
has been edited by G. |. Toomer as Diocles On Burning Mirrors.
The Arabic text shows, in Toomer's opinion, that another passage
in Eutocius—ed. Heiberg iif.82.2-84.7—should also be at-
tributed to Diocles though he is not mentioned by name; as it

 follows the solution of finding two mean proportionals by Men-

aechntus and is introduced with the word *Addws, “Otherwise,”
’ ’ . ) 271
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EK- fog dpa doriv §) pév EK -5 ZH, 4 8¢ KT 4
HA. Zotar yop Tobro 3oy dmé Tof A émi Ta
R, Z émlevyBeodv et loaw Fap yhvovrol
af $m6 TAE, ZAA, xai dpfal af wpds ots K, H-
xol wdvro dpo maOW S8 76 iy AE 74 AZ longv
v kab hovry dpe 4 TK 7§ HA fon édorin
et ol darw, s § AK mpds KB, % AH mpos
HO, W ds 7 AK mpds KE, % EK mpds KI*
péon yap dvddoyov % EK rav AK, KT+ ds dpa
4 AK mpds KB wat 4 EK mpds KT, obrws % AH

it has bitherto been attributed to that geometer.

It used to be thought from references to Archimedes and
Apollonius in the second fragment mentioned above that Diocles
lived after those geometexs, but the references to Apollonius are
clearly insertions by Eutocius.
allusions in Proclus's commenta
the curve known to Geminus as

be settled, for it shows him to have been in contact with

Zenodorus, who was himself an associate of the philosopher
Philonides. This has enabled Toomer to assign the “floruit” of

Diocles with assurance fo the early znd century B.C.
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EX will therefore be equal to ZH, and KT to HA}S

* this will be clear if straight lines are drawn joining

A

B
A to E, Z; for the angles T'AE, ZAA are equal,
and the angles at K, H are right; and therefore,

since AL~ AZ, all things will be equal to all; and

therefore the remaining element T'K is equal to HA.
Now since

AK : EE=AH : HO,
but AK : KE=EK : KI' {for EK is a
mean proportional between AK, KI'),

therefore AK : KE=EFEK : KI'=AH : HS,
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4
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And AK=TH,KE=ZH,KI'=HA;

therefore TH:HZ=ZH :HA=AH : Ho,

If then on either side of B there be cut off equal ares
MB, BN, and NE be drawn through N parallel to AB,
and AM be joined, NE, EA, will again be mean pro-
portionals between I'E, EO. If in this way more
parallels are drawn continually between B, A, and
arcs equal to the arcs cut off between them and B are
marked-off from B in the direction of I*, and straight
lines are drawn from A to the points so obtained,
such as AE, AM, the parallels between B and A will

be cut in certain points, such as O, 6 in the accom-

- panying figure. Joining these points with straight

lines by applying a ruler we shall describe in the
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31y

ypoupébmy év 1§ xd:c?tcp 1‘-w<i’ 7’{"’4‘;{“”5’5 5& A’:Zs
éav Anddf Tuyov omjeciov xal b TA GPTPTJ,?TG{ ) .E
dx07 =i AB, &erar 5 a&ﬂew‘a xal 7 0.1':'0‘c:,.l,cﬁ‘tz.m:3
péry On° adris dmo Tijs S,r.a,usrpov mpos 7@
péoat  dvddeyor THs Te a,arohaﬁbﬁavoparq’g o
avTis émd Ths Sr.cr.pe'rpov’ 7pos 7 ,I‘ apeicy Kai
7ol pépovs adrils 1'05’ amo Tol €v Tff ypuppy
onpeiov ént v TA Saape-reov. N £ 5o

Todrwv mpokareoxevaouévwy &oTwoay o 00

i i i tocius,
s Lit. “ line.,” It is noteworthy that Diccles, or Eu
conceived the curve as made up of an indefinite number of

A

B

ight li i jon which has-
traight lines, a fypical Greel‘_: conception which has.
:rlrlligespr::vger of a theor}z]:'»f infinitesimals wgnle avoiding its
logical fallacies, The Greeks were never so modern as in:

this conception.

The curve described by Diocles has two branches, sym-:
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circle a certain curve,® and if on this any point be
taken at random, and through it a straight line be
drawn parallel to AB, the line so drawn and the
portion of the diameter cut off by it in the direction

of 4 will be mean proportionals between the portion -

of the diameter cut off by it in the direction of the
point I" and the part of the parallel itself between the
point on the curve and the diameter T'A.

With this preliminary construction, let the two

E

..
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Octoar 8to edfeiar, dv 8t Bvo péoas dvdloyor
efpetv, ai A, B, xai éorw xirdos, dv & 8o Swf:
perpor mpds dpfds dMjAaws al TA, EZ, xal
yeypddbw év adrd ¥ Sid TdY owwépaw opeicov
ypapuy, s mpoeipnrar, 7 AGZ, xai yeyovéTw,
ws 7 A mpds iy B, § I'H mpés HK, wai ém-~
Leuybeioa 7} TK xal éxfnfeioa reurérw 1:7‘7::
ypapuy kard 70 @, kol did Tof © 777 EZ wapdA-
Mdos fxfw 5§ AM: 3id dpa & mpoyeypoppuéva
v TA, AQ péoar dvdloydy elow ai MA, AA

kal émel éorw, s 7 DA mpds AQ, odrws 4 TH
mpos HRK, ebs 8¢ 9§ IT'H mpds HK, ofirws 9 A mpos
v B, éov év 7@ adrd Adye 7Tals T'A, AM, AA,
AO mapepBdiwper péoas Tév A, B, ds mas N,

b

- s 7 g
B, &oovrar elmupévar 7av A, B péoor dvdloyor

at N, B- Smep et edpelv,

Tbid. 79. 13-80. 24
‘Qs Mévayuos

*Borwoary af Sofeivar dvo edbeciar af A, E- 34

8 rav A, E 8do péoas dvdroyor etpeiv.

TCeyovérw, wal éotwoar ai B, T, ral éxxelobo
- A 14
Béoer edlfcia ) AH memepaopém ward o A, xai

mpos @ A 7 I' ton kelobw 5 AZ, xai 7xbw 71:pc')
oplss 7 ZO, ket 75 B lon relobw 7 ZG).‘ éme
otv Tpeis edfefar avddoyor ai A, B, T', 70 &m
v A, T loov dori 76 dmd s B- 76 dpa om

metrical about the diameter CD in the accompanying figure,
and proceeding to infinity. There is a cusp at C and th
tangent to the circle at D is an asymptote. If OC is the axi
of =, and OA the axis of y, while the radius of the circle
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given straight lines, between which it is required to
find two mean proportionals, be A, B, and let there be
a cirele in which I'A, EZ are two diameters at right
angles to each other, and let there be drawn in it
through the successive points a curve ASZ, in -the
aforesaid manner, and let A : B=TH : HK, and let
T, K be joined, and let the straight line joining them
be produced so as to cut the line in &, and through ©
let AM be drawn parallel to EZ; therefore by what
has been written previously MA, AA are mean pro-
portionals between I'A, AG. And since I'A : A=

TH:HK and I'H : HK =A : B, if between A, B we

place means N, & in the same ratio as T'A, AM, A4,

A0S then N, B will be mean proportionals between

A, B ; which was to be found.

Ibid. 8. 13-80. 24
{iv.) The Solution of Menaechmus

Let the two given straight lines be 4, E ; it is re-
quired to find two mean proportionals between A, E.

Assume it done, and let the means be B, I, and let
there be placed in position a straight line AH, with an
end point A, and at A let AZ be placed equal to T,
and let Z6 be drawn at right angles and let ZO be
equalto B. Since the three straight lines A, B, I dre

in proportion, A.I'=B?; therefore the rectangle com-

a, then by definition the Cartesian equation of the curve is

o -
== = or g (a+a) =(a- o,

= and
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Sofelons s A wai 795 T, rovréan The AZ, ooy
dori v émd Ths B, rovréom 7§ dmé 7is ZO.
émt mwapafodijs dpa 76 © &id Tof A yeypappérys.
Fxbwoay mapdddnor ai OK, AK. kar émel Sobéw
76 $wé B, T—loov ydp éome 76 dmé A, E—Jobey
doa wal 78 vmé KOZ. énl dmepfors dpa 70 @
& dovpmrdros Tais KA, AZ. Sofiédv dpa 76 ©-
Gore ral 76 L.

Svvrebhoerar 87 ofirws. forwoav ai pév So-
Beioar edfciar al A, E, 4 3¢ 7§ 8éoer 7} AH me-
mepoopém rard 16 A, xal yeypddbfo i Toi A

SPECIAL PROBLEMS

prehended by the given straight line A and the
straight line T', that is, AZ, Is equal to the square on

A

A Z H

R, that is, to the square on Z0. Therefore © is on
a parabola drawn through A. Let the parallels OK,

"AK be drawn, Then since the rectangle B. ['is given

—for it is equal to the rectangle A . E—the rectangle
KO.06Z is given. The point O is therefore on a
hyperbola with asymptotes KA, AZ. Therefore 0
is given ; and so also is Z,

Let the synthesis be made in this manner. Let the
given straight lines be A, E,let AH be a straight line
given in position with an end point at 4, and let
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wopafold, s dfwv pév i AH, dpbin 8¢ 708 eidovs
mhevpd, ) A, af 8¢ waraydpevar ént iy AH &
dp0 ywvia Svvdcbweav Ta mapd Tiv A mopa-
kelpeva xwpla mwhdry Exovra Tas dmoAdpBavo-
pévas O’ adrdv mpos 7@ A onuelw. yeypddlen

ol ot ) AD, ral Spf) 5 AK, xal év dovumrdTos

rats KA, AZ yeppddfe Smepford, &’ s af mapd

rds KA, AZ dxfeioar movjoovaw 76 ywplov ioov
7& dmo A, E- reuet 84 7w mapafodiy. repvérw
kard 10 O, xal xdferor fyfwoar af OK, OZ.
émet ofv 70 dmo ZO loov doti 76 dmd A, AZ,
éorwv, s ) A mpds Ty 2O, 7§ OL mpds ZA.
wddw, éwel 70 omd A, E loov dori & dwd QZA,
éorw, ws 4§ A wpds Ty ZO, 7 ZA mpds Ty E.
N s A wpds Ty ZO, 5 ZO mpos ZA- kai
s dpa ) A mpos Ty ZO, 9 ZO mpds ZA kol 4
ZA mpos E. xelofw 7 pév O®Z lom 5 B, v 8¢
AZ {on 4§ T'. &orw dpa, ds 5 A mpos 7y B, 9
B mods iy I xal 5 ' apds BE. ol A, B, T, E
dpa ééfs dvdAoydy elaw: Smep &Ber edpeiv.
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there be drawn through A a parabola whose axis is
AH, and latus rectum A, and let the squares of the
ordinates drawn at right angles to AH be equal to
the areas applied to A having as their sides the
straight lines eut off by them towards A. Let it be
drawn, and let it be AB, and let AK be perpendicular
[to AH), and in the asymptotes KA, AZ let there
be drawn a hyperbola, such that the straight lines
drawn parallel to KA, AZ will make an area equal
to the rectangle comprehended by A, E. It will
then cut the parabola. Let it cut at O, and let
OK, 6Z be drawn perpendicular. Since then

Z62=A . AZ,
it follows that
A :Z0=07 : ZA.
Again, since A.E=0Z.ZA,
it follows that
A:7Z0=ZA: R,
But A:Z20=278:7A,
Therefore A 1 Z0=726 : ZA=ZA: E,
Let B be placed equal to 6Z, and T equal to AZ.
It follows that
A:B=B:T'=T:E.

A, B, T', E are therefore in continuous proportion;
which was to be found,s

@ If a, 2, ¥, b are in continuous proportion,
a_x
5=§=%, and x?=ay, y?=>bz, 2y =ab.
Therefore #, ¥ may be determined as the intersection of
the parabola y*=bx and the hyperhola wy=ab, This is the
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Ibid. 84, 12-88, 2

*H "Apxdrov efpnois, dis Eddypuos {atopei

"Borwear af Sofcloar 8o edfcian ar AA, T
et & vawv AA, T 8o péoas dvddoyov edpeiv.
Peypddlw mepi Ty pellove v AA rididos

6 ABAZ, xal 7 T oy drmppdobes 4 AB ral éxfhy-

bsica ovpmmrérw T§ dnd Tof A éanroudvy Toi
kddov rard 76 I, mapd 8¢ myv IIAQ fixPew - %

analytical expression of the solution given above, where E=¢
and A=h. The proof is followed in the text of Eutocius by
another solution, introduced with the word “AMwgs, “Other-
wise,” determining x, y as the intersection of the parabolas
*=ay, y2=bx. See above, 270 n a.

This is the earliest known use of conic sections in the
history of Greek mathematics, and Menaechmus is accord-
ingly credited with their discovery. But the names parabola
and hyperbola were not used by him; they are due to
Apollonius; Menaechmus would have called them, with
Archimedes, sections of a right-angled and obtuse-angled
cone.

From the equations given above it follows that

2+~ b — ay =0
is & circle passing through the points common to the parabolas
at=qy, ¥ =bo,

It foliows that %, ¥ may be determined by the intersection -

of this cirele with the hyperbola ay =ab.

This is, in effect, the proof given by Heron, Philon and
Apollonius. For, in the ficure on p. 269, if AZ, AR are the
co-ordinate axes, AB=e, B?:b, then =%+ y2— bz~ ay=_( is
the circle passing through A, B, I, and wy =ab is the hyper-
bola having AZ, AR as asymptotes and passing through B.
284,
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Ibid. 84. 12-88. @
(v:) The Solution of Arekytas, according to Eudemus

Let the two given straight lines be AA, T itis
iegujl_‘red to find two mean proportionals between
3
Let the circle ABAZ be described about the greater
straight line AA, and let AB be inserted equaltoI' and
let it be produced so as to meet at IT the tangent to
the circle at A, Let BEZ be drawn parallel to IIAOQ,
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BEZ, ral vevorjolw HuuxvAivdpioy Spbdy émi 7of
ABA Apurvrhiov, &t 8¢ tis AA fuucdichor dpBdv
& 7 7o fuvdwdplov mapadnloypduuy Kei-
pevovs Todro 87 7O fuukdrkhov mepydpievor g
4md roii A éml 16 B pévovros 1of A wéparos Tijs
Stapérpov Teuel Ty kvAwdpuciy émddyear ev
™ mepiaywyf kai ypdier v aldrf ypappdy Tve.
mddew 8¢, éav i AA pevodons To AIIA rplywvov
mepevexff Ty évavriav T&H fuuvkdie xkamow,
kaviely movfoer émpdvaay h Al edbelg, 7 &)
meprayoudr) ovufadel v kudadpikf] ypappf kera
7t onpetor dupa 3¢ kal To B mepiypdfer fuxtxcov
& 1 7ol kdwov émavelg. Exétw 87 Oéow kara
TV TémOV TS CUUTTACEWS TV YPaUU@Y TO pév
kwoduevor fHuuchichiov s ™ Toi AKA, 76 3¢
dvrireptaydpevoy Tplywvoy Ty Tob AAA, T 3¢
s elpnuévns ovpmrdiocws anueiov &orw 16 K,
dorw 8¢ kal 818 Tof B ypadduevor suinirdiov o
BMZ, xows) 8¢ adrod Toun xai 7oi BAZA xirdov
ot % BZ, wal dmd Tot K éml 76 rof BAA
HuekurAiov émimedor wdferos fyfw: meoeirar 39
énl mw 100 Kdrdov mepupépeiav dus T dpfiov
éordvar 7ov kdAwdpov. mimTétw kal éorw G Kl
wkal 4 Gmd Tob I émi 76 A émleuyfeioa oupBadérw

75 BZ xard 75 0, % 82 AA 7§ BMZ sjpercurchip

xard 76 M, énelevyfwoar 8¢ kai af KA, MI, M@.

émel oy éxdrepov tav AKA, BMZ puucvrcdiowy
Spfdy dori mwpds T8 Smowelpevov émimedov, Kal %
xows) dpa odrdv tops ) M@ mpds dpbds éore 74
108 kbxhov émméde+ dore wxal mpos Ty BL
Splh} éorew 1§ M@®. 76 dpa dmo +@v BOZ, rou-
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and let a right half-cylinder be conceived upon the
semicircle ABA, and on AA a right semicirele lying
in the parallelogram of the half-cylinder. When this
semicircle is moved about from A to B, the end point
A of the diameter remaining fixed, it will cut the
cylindrieal surface in its motion and will describe in it
a certain curve. Again, if AA be kept stationary and
the triangle AIIA be moved about with an opposite
motion to that of the semicirele, it will make a conie
surface by means of the straight line ATL, which in its
meotion will meet the curve on the cylinder in a certain
point ; at the same time B will describe a semicircle
on the surface of the cone. Corresponding to the
point in which the curves meet let the moving semi-
gircle take up a position A’KA,® and the triangle
moved in the opposite direction a position AAA
let the point of the aforesaid meeting be X, and let
BMZ be the semicircle described through B, and let
BZ be the section comamon to it and the circle BAZA,
and let there be drawn from K a perpendicular upon
the plane of the semicircle BAA; it will fall upon
the circumference of the cirele because the cylinder
is right, Let it fall, and let it be XI, and let the
straight line joining I to A meet BZ in 05 let AA
meet the semicircle BMZ in M, and let KA, MI, M&
be joined. Therefore since each of the semicircles
A’KA, BMZ is at right angles to the underlying
plane, their common section M6 is also at right angles
to the plane of the cirele ; so that M8 is also at right
angles to BZ, Therefore the rectangle contained by

s n the text and figure of the mss, the same letter is used
to indicate the initial and final positions of A; for con-
venience they are distinguished in the figure and translation

asA, A, It'would make the figure easier to grasp if A could
be written II' {for A is the final position of II). . .
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réori 76 Omd ABI, loov éori 76 dmé M@ Spowor
dpa éori 76 AMI rplywvor éxarépp tév MIO,
MA®, xal dpf % vmo IMA. Sorw 8¢ xal 1 D
AKA 8pBf. mopdmlor dpa elolv ai KA, MI,
«al otar dvddoyov, &s 4 AA mpés AK, Tovréorw
4 KA mpds Al, ofrws % LA mpds AM, 3w 7oy
dpotdryra TEY rpaycéfmv. Téooapes dpa af AA,
AK, AL, AM é&4s dvdAoydy elow. ral éorw %
AM ioq 75 T', énel kal vf AB- 8o dpa Soleradiv
rav AA, T 8do péoar dvddoyov nipprrar al AK,
Al

& The above solution is a remarkable achievement when it
is remembered that Archytas flourished in the first half of
the fourth century s.c., at which time Greek geometry was
still in its infancy. It is quite easy, however, for us to repre-
sent the solution analytically. If AA is taken as the axis
of », the perpendicular to AA at A in the plane of the paper
as the axis of ¥, and the perpendicular to these lines as the
axis of z, and if AA=aq, I'=>5, then the point K is determined
as the intersection of the following three curves:

(1) The cylinder i+ yt=an,

(2) the curve formed by the motion of the half-circle about A
(a tore of inner diameter nil}

at4 g2+t =ay/at+ gt

2
(3) the cone P R WP %227"
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BB, OZ, which is the same as the rectangle contained
by A©, 01, is equal to the square on MO ; therefore

“the triangle AMI is similar to each of the triangles

MIO, MAO, and the angle IMA is right. The angle
AKA is alse right. Therefore KA’ MI are parallel,
and owing to the similarity of the triangles the
following proportion holds :

A'A 1 AK=KA : AT=TA : AM.

Therefore the four straight lines AA, AK, Al AM
are in continuous proportion. ~ And AM is equal to T',
sinee it is equal to AB; therefore to the two given
straight lines AA, T, two mean proportionals, AK,
Al have been found.?

Since K is the point of intersection,

AK =0 /2F 5 P+ 25, Al=o/af ol
From (2) it follows directly that
AK2=q, Al
. a AK
L -8 AK = ar
From (1) and (8) it follows that
@i+ Yt + 2 .t Zzya)'
o VETETR=TEY
AIG
A=
AK_AI
AT b
. a _AK_Al
L) KK -“"H - b ] )
and AKX, AT are mean proportionals between'a and b.
280




GREFK MATHEMATICS

Tbid. 88. 3-96. 27
Qs *Eparogliérns « + «

- “"“" -~
AcSdofwoay o dnoor edlfeine, v Bet Svo
-~ -~ 3 r €
péoas avdroyow elpeiv év ouvexet dvadoyla, ol
¥ -
AE, AO, kal xelobw émi Twos edbelas Tis EO
A . A 1

E Z H 9

mpds pbas 7 AE, wol éal Tijs E® 7pla ovveordTw
rapadg\dypappua épetis i AZ, 71, 19, «oi
Aybwoar Sudperpor év adrols af AZ, AH, IO
Zoovrar 87 adrosn mapdMmlo. pévevtos 31 Tod
péoov mapadnloypdpprov Tod Z1 cvwwwobirew 16
pv AZ émdve To0 péoov, 6 5¢ 10 dmordrw,
wabdmep éml o0 Sevrépov oxipatos, fws of
vémrat T2 A, B, T, A kar’ evbelav, xal dujybuw
54 7ov A, B, T, A onpelov ebbeia KAl TUp~
murrérw 7 BO 2kcBMnbeloy xord 76 K- éotar oy
&s 7§ AK mpds KB, v pev Tais AE, ZB mapal-
290 :
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Ibid, 88. 3-96. 27 *
(vi.) The Solution of Eratosthenes + « o

Let there be given two unequal straight lines AE,
AD between which it is required to find two mean
proportionals in continued proportion, and let AR be
placed at right angles to the straight line E6, and upon
EO let there be erected three successive parallelo-
grams® AZ, ZI, 16, and let the diagonals AZ, AH, I8
be drawn therein ; these will be parallel. While the
middle parallelogram ZI remains stationary, let the
other two approach each other, AZ above the middle
one, 16 below it, as in the second figure,® until A, B,
I, Alie along a straight line, and let a straight line be
drawn through the points A, B, I', A, and let it meet
EO produced in K ; it will follow that in the parallels
AE, ZB : -
AK : KB=EK : KZ

# This is the letter falsel y purporting to be by Eratosthenes of
which the beginning has aiready been cited, supre, pp. 256-261,
The extract here given (3eddafwoay . . .) starts in Heiberg’s
text at 90, 30, Eratosthenes' solution is given, with varia-
tions, by Pappus, Collection iii. 7, ed. Hultseh 56, 18-58. 22.

» Pappus says triangles in his account; it makes no

difference.
¢ See p. 294.
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Mdos 7 EK mpds KZ, év 8¢ rais AZ, BH mapal-

Mdows 7 ZK mpds KH. ds dpa 5 AK mpos KB, |
% EK npds KZ «ol ) KZ mpds KH. mdAw, émel
dorw, dis 1 BK mpos KI', év pév Tais BZ, 'H
mapalflaws 7§ ZK mpos KH, & 8¢ 7als BH, TO .
mapadidois § HK mpds KO, dis dpa 17 BRK mpos -
KT, 4 ZK mpds KH xai 4 HK 7pés KO, AN’ as !
% ZK mpos KH, 4 EK mpds KZ- xal ds dpa 5 EK ;

mwpds KZ, § ZK mpds KH kai 7 HK mpés K@
A\ s ) EK mpos KZ, 4 AE mpos BZ, ds 8¢ 9
ZK 7pos KH, 4 BZ mpos I'H, o 3¢ 4 HK =mpis

KO, 9 I'H wpds AB®- xal dbs dpa ) AE wpds BZ,

7% BZ mpds TH wat 4 I'H wpés AO. nippwra
dpa 7év AE, A® 8do péoas 7 e BZ wal  TH. -

Tabre ofiv énl 7év yewperpoupdvay émbavedy
dmodédeterar va 8¢ xal dpyaricdss duvdpebo, Td
Sto pdoas AapBdvew, Siamiyvurar mAwliov {¥Awo

-~ +
% Exepdvrivov 7 yadwolv éxov Tpels mWAKITKOUS

N4
{gous s Aemrordrovs, dv ¢ pév péoos évijpuooTar
€ 1 s ¥ I E k] Afs ) 8\
oi 8¢ 8do émworol elow év yodddpars, rols B¢ pe

-~ L3 A
péfeow el Tals ovpperpias dis Eragror EavTods
welfovow- T4 pdv yip Tis dmodelbews doadrws

- - 1 8\ ] 2 ’ A 7 B -E
gurrereirat wpos 8¢ 70 dxpifidorepor AapSdveolde

Tés ypappds Plotexmréov, Wva év 7 ovvdyeato.

A ’ :M A 8 ? ’ ;
TOUS TWAKITKOUS TRpaAAL olafiery TOAVTE Kotk

doyaora kol spadds cuvamrdueve, GAAAoLs.

By 8¢ 76 dvabijuars 76 pév dpyovucdy yadkody
il
dorv wkal wabijppoorar On alTiy TRy oTedawy

hs orjins mpoouepolvBioyonuévov, ta’ adrol &
% amédeifis ouvTopwTepoy dpalopéin ral 70 oxijpa.
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and in the parallels AZ, BH
AK : KB=ZK : KH.
Therefore AK :KB=EK : KZ=KZ :KH.

Again, since in the parallels BZ, TH
BK : KI'=ZK : KH
and in the parallels BH, T'9
BK : KI'=HK : K8,
therefore BK :KI'=ZK : KH=HK : K9,
But ZK : KH=IEK : KZ, and therefore
EEK : KZ=ZK : KH=HK : K6.

Put EK : KZ-=AE : BZ,7ZK : KH~BZ : TH,
HEK :K6=TH : AO.

Therefore AE :BZ=BZ :TH=TH : AO.

Therefore between AE, AQ two means, BZ, I'H,
have been found.

Such is the demonstration on geometrical sur-
faces ; and in order that we may find the two means
mechanically, a board of weod or ivory or bronze
is pierced through, having on it three equal tablets,
as smooth as possible, of which the midmost is fixed
and the two outside run in grooves, their sizes and
proportions being a matter of individual choice—for
the proof is accomplished in the same manner; in
order that the lines may be found with the greatest
accuracy, the instrument must be skilfully made, so
that when the tablets are moved everything remains
parallel, smoothly fitting without a gap.

In the votive gift the instrument is of bronze and is
fastened on with lead close under the crown of the
pillar, and beneath it is a shortened form of the proof
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uer’ adro 8¢ émlypappa. t'moyeypciqbf?w oly oL
kai Tabra, va éms Kal o & TG &vaﬁmu.a.ﬂ. v
3¢ 8vo oxnudrov 76 Sedrepov yéypamzar €v T oAy,

“ Ado r@dv Bolfetodw edbewdv 8o péoas dvdAoyov
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A

K

E Z H e
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dpa 8vo 7aw Solewcdv Sve péoar. )
“’Edv 8¢ ai Sofletaar u toor dow Tais AE, A,
morfoarres aldrals dvddoyor Tas AE, ’A(',D j'ozfnuv
Mpbduelo Tas péoas wai émavoioopev én’ éeivas,

! 1 ) 14 r\ A
ral éoduela memoinudres T6 émTaybév. éav e

-~ - !
mAeiovs ploas émrayli edpetv, dei éni ?Aewvg
¥ -~ 3 -~
mivarigrovs xateorioduelo év TH Spyavicy TV
3 'd € .
Anpincopédvwy péowy 7 8¢ amddalis % adri
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and the figure, and along with this is an epigram,
These also shall be written below for you, in order that
you may have what is on the votive gift. Of the two
figures, the second is that which is inseribed on the
pillar.®

“Between two given straight lines to find two
means in continuous proportion. Let AE, A be the
given straight lines. Then I move the tables in the
instrument until the points A, B, I', A are in the same
straight line. Let this be pictured as in the second
figure. Then AK : XB is equal, in the parallels' AE,
BZ, to EK : KZ, and in the parallels AZ, BH to
ZK : KH ; therefore EK : KZ =KZ: KH. Now this
is also the ratio AE : BZ and BZ : TH. Similarly we
shall show that ZB : I'H =TH 1 A8 ; AL, BZ, T'H,
AG are therefore proportional, Between the two
given straight lines two means have therefore been
found.

“If the given straight lines are not equal to AR,
AO, by making AE, A© proportional to them and
taking the means between these and then going back
to the original lines, we shall do what was enjoined.

If it is required to find more means, we shall con- .

tinually insert more tables in the instrument accord-
ing to the number of means to be taken; and the
proof is the same.

 The short proof and epigram which follow are presum-
ably the genuine work of Eratosthenes, being taken from
the votive gift. The reference to the segond figure cannot,
however, be genuine as there was only one figture on the votive
offering ; perhaps 8edrepor should be omittesj1 ’
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ral T4 pév s reddorto, Adyou 8¢ Tis dvfepa Acdo-
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700 Kvpnvalov rofir® "Eparocféveos.”

Ibid. 98. 1-7
Qs Nicopidns & 76 Ilept woyyoeddv ypapudv

I“pa'é,et. 8¢ xal Nuwcopidns év 70 emyeypapuére
mpos avrol Hepl royyoeaddv cvyypdupars dpydrov
fio.‘racz'xevﬁv’ T abmyy dmomAnpoivros ypelav, €p’
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¢ Or “ with a small effort,” Heiberg.
. * Perhaps 5o called because there are three conic sections
—of an acute-angled, right-angled and obtuse-angled cone
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* If, good friend, thou thinkest to produce from a
smali [eube] ¢ one double thereof, or duly to change
any solid figure into another nature, this is in thy
power, and thou canst measure a byre or comn-pit or
the broad basin of a hollow well by this method, when
thou takest between two rulers means converging
with their extreme ends. Do not seek to do the
difficult business of the cylinders of Archytas, or to
cut the cone in the triads? of Menaechmus, or to
produce any such curved form in lines as is described
by thedivine Eudoxus. Indeed, onthese tablets thou
couldst easily find a thousand means, beginning from
a small base. Happy art thou, O Ptolemy, a father
who lives his son’s bife in all things, in that thou hast
given him such things as are dear to the Muses and
kings; and in the future, O heavenly Zeus, may
he also receive the sceptre from thy hands. May
this prayer be fulfilled, and may anyone seeing this
votive offering say : This is the gift of Eratosthenes
of Cyrene.”

Ibid. 98, 1-7

(vii) The Solution of Nicomedes in his Book
“ On Conchoidal Lines * °

Nicomedes also describes, in the bock written by
him On Conckoids, the construction of an instrument
fulfilling the same purpose, upon which it appears
he prided himself exceedingly, greatly deriding the

ﬁﬂipse, parabola and hyperbola). If so, this proves that
enaechmus discovered the ellipse as well as the other two.

° It follows from this extract that Nicomedes was later
than Eratosthenes ; and as Apollonius called a certzin curve
“ sister of the cockloid " (infre, p. 334), he must have been
younger than Apollonius, He was therefore born about
270 B.c. .
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s dunydvois Te dua wkal yewperpics Efews
Lorepypdvos.

Papp. Coll. iv. 26. 39-26. 43, ed. Hultsch 242, 13-250, 25

ks, Els 7ov Simdaciacucv Tod xifov mapdyeral
mis Omd NucopriBovs ypapun kai yéveow Exe
TowadTyy.

"Exxelofw . eifela 4 AB, kal adrff wpds dplas
7 TAZ, xai eldijdbo 7 onpeiov éml mijs TAZ
Sobér 16 E, xal pévovros 1of E onpelov & §
éorwv 1émp 1§ TAEZ edfeia depéolnw xard s
AAB edlfelas Aropdm 8id 700 E onuclov ofirws
ware S mavrds Pépeabor 76 A éml Tijs
edlelas kal pn) éxmimrerw éxopérms TiHs T'AEZ
Sur 708 E. 7owdrys &) runjoews yevopdms &4
érdrepa davepdy 81 70 I’ oqueiov ypdiper ypapusy
ola éariv 1 ATM, kal &orw adrijs 7o oduaTau
Toofitov. ws v edlcle mpogmimry Tis dmd Tob
L onpelov mpds ™ ypapwijy, v dmolauBavo-
pévmp perald Tis Te AB edfelus wai Ths AI‘M
ypoppds oy elvar T T'A edfela- pevodons yip
miis AB kal pévovros 706 E onuelov, Srav yémra
70 A émi 76 H, 5 TA edfein 1 HO édapudoe
xal 70 T' oqueiov émt 76 O (meaetrar)'- ion dpa
éoriv §f TA 77 HO. Jpolws wal dav érdpa mis

? segetras add. Hulisch,

¢ Eutocius proceeds to deseribe Nicomedes® solution ; wa
shall give an alternative account by Pappus.
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discoveries of Eratosthenes as impracticable and
lacking in geometrical sense.
Pappus, Collection iv. 26. 39-98. 43, ed. Hultsch
242. 13-250. 25

26. For the duplication of the cube a certain line .
Is drawn by Nicomedes and generated in this way.

Let there be a straight line AB, with T'AZ at right
angles to it, and on I'AZ let there be taken a certain

o

E

Z

given point E, and while the point E remains in the
same position let the straight line TAEZ be drawn
through the point K and moved about the straight
line AAB in such a way that A always moves along
the straight line AB and does not fall beyond it while

PAEZ is drawn through B. The motion being after

- this fashion on either side, it is clear that the point T

will describe a curve such as ATM, and its property is
of this nature: when any straight line drawn from

-~ the point E falls upon the curve, the portion cut off

between the straight line AB and the curve ATM is

- equal to the straight line TA; for AB is stationary

and the point E fixed, and when A goes to H, the
straight line T'A will coincide with HO and the point
T will fall upon ©: therefore TA is equal to HO,
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i tween th

i 1 or constant intercept be

cu:ve[:‘ Ztng Efetg:slit;;‘ﬁab the distance from the pole to th

1 drady . .

point on the curve, and E@=r,

Base (A% then the fun amental equation of the curve is

3= the fun
L TE® =4, then the D

If @ is measured backwards from the base towards the pol

another conchoidal figy
1uéol-fl'.atlllle base as the pole, having
e ¢T - i ater tham,

This tales three forms according as ¢ is gre
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Similarly, if any other straight line drawn from the
point E falls upon the curve, the portion cut off by the
curve and the straight line AB will make g straight
line equal to TA.  Now, says he, let the straight line
AB be called the ruler, the poirt [E] the pole, I’A the
interval, since the straight lines fal ing upon the line -
ATM are equal to it, and Iet the curve ATM itself be
called the first cochloidal Iine (since there are second
and third and fourth cochloids which are useful for
other theorems).s

27. Nicomedes himself proved that the curve can
be described mechanieally, and that it continually
approaches closer to the ruler—which js equivalent
to saying that of all the perpendiculars drawn from
points on the line ATO fo the straight line AB the
greatest is the perpendicular T'A, while the perpen-
dicular drawn nearer to I'A is always greater than
the more remote; he also proved that any straight
line in the space between the ruler and the eochloid
will be cut, when produced, by the cochloid ; and we
used the aforesaid line in the commentary on the
Analemma® of Diodorus when we sought to trisect an
angle. .
equal to, or less than #. These three forms are probably
the *“ second, third and fourth cochloids,” but we have no
direct information, When g ig greater than &, the curve has
& loop at the pole; when « equals b, there is a cusp at the
pole s when ais less than b, there is no double point.

he original name of the curve would appear to be the

cochloid (xoyroedis yeapuf), as it is called by Pappus, from
a supposed resemblance to 4 shell-fish (idyos).  Later it was

. calledthe conchoid (xoyyoerSis ypapwf), the “mussel-like" 'eurve,

* Diodorus of Alexandria lived in the time of Caesar and
is commemorated in the Anthology (xiv, 139) as a maker of

. gnomons, Ptolemy also wrote an Analemma, whose object

Is a graphic representation on a plane of parts of the heavenly
sphere, )

3
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Now by what has been said it is clear that if there
is an angle, such as HAB, and a point I' outside the
angle, it is possible so to draw T'H as to make KH
between the line and AB equal to a given straight
line.

Let I'G be drawn from the point I' perpendicular to
AB and produced to A so that A is equal to the
given straight line, and with I' for pole, the given
straight line, that is AQ, for interval, and AB for
ruler let the first cochloid EAH be drawn ; then by
what has been said above it will meet AH ; letit meet
it in H, and let T'H be joined ; KH will therefore be
equal to the given straight line.

28. Some people, following [a more convenient]
usage, apply a ruler to I’ and move it until by trial
the portion between the straight line AB and the line
FAH becomes equal to the given straight line ; and
when this is done the problem which was posed at the

_outset is solved (I mean a cube which is double of
‘a cube is found), But first two means in continuous

'_ proportion are taken between two given straight lines;

Nicomedes explained only the construction necessary
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e , , . P for doing this, but h i
8¢ wal Ty am oBeifty €<;6nppoaapev Tf KaTaGKEV]] - ; construt%ion iI; this 1::@;::2 supplted & proof to the
) Let 4 there be given two straight lines TA, AA at
right angles to each other between which it is required

M

Tov Tpbmwov TolTOV. .
Aeddobwoar yip 8o edlfeiar af TA, AA mpis
dpPos dAWAais, dv Bel o péoas dvdloyow Ko,
70 ouveyss ebpelv, kai qupmeminpualfe 76 ABTA
’ 1 4 7 4 ’
napan\dypappov, kal Terprabew diye érarépa
7w AB, BT 1ois A, E onpelots, kai emlevyleion

¢ The proof is fiven by Eutocius with very few variations
Epp. 104-106) and also in another place by Pappus himself
iiL. 8, ed. Hultsch 58. 23-62. 13, with several differences). In
ili. 8 the straight lines are called AT, AA, whereas here
and in the passage from Eufocius the mss. have TA, AA.
Wherever we have A here, it is reasonably certain that
Pappus wrote 4, angd vice verse.

o

Z

to find two tﬁeans in continuous i
proportion, and let

the parallelogram ABI'A be completed, and let ea.:h

of the straight lines AB, BI" be bisected at the points
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pudv % AA éxfePMiobw xal ovpmmrérw 77 I'B
¢kfrnfeloy xara 76 H, =fj 8¢ BT mpos dpbas 4
EZ, xat mpooBefMicbw 5 I'Z lon eboe 1§ AA,
kot émeledybw % ZH xal adrf mapdddgies 9
'O, xal yavias ofons ths tmo 7dv KI'® dme
Sobévros To8 7 Sufybw 7 ZOK moiwoboa iony vy
OK f AA 4 1j I'Z (rofro yap ds Svwarov
&Belybny Bia Tis woyloetdols ypauuds), xal éme-
{evyOecica § KA éxBefMjolir wal ovpmmréra Tj
AB éxPAnfelon wara 76 M- Adyw o7 otiv o5 9
AT mpds KT, % KI' mpds MA, xal 4 MA mpds
v AA,

*Emet 4 BT vérpnrar diya @ E xai mpdoxerrat
adri % KT, 76 dpa w6 BKT pera rof dwé T'E
toov éoriv 7@ dmo EK. kowov mpookeiofw 1o
éné EZ: 16 dpa om0 BKI' perd 7dv dmé T'EZ,
rovréorv 100 dwd I'Z, loov dorly Tols dwo KEZ,
rovréorw 7@ dmé KZ. «kal émel ws 1) MA mpds
AB, 7 MA wpos AK, ds 8¢ § MA mpos AK,
obrws % BT wpds TK, xal &s dpa 4§ MA mpos
AB, otrws % BT mpos I'K. «kai &ore 7fs pév AB
Huloee 7 AA, rijs 8¢ BT 8urdiy ) TH- dorar dpa
xal s 7 MA 7pds AA, ofrws 7 HI' mpos KI,
M ods 9§ HT mpos TK, edrws 5 ZO mpés BK
80, ras mapaddirovs Tas HZ, I'O- wkal owbévr
dpa s 71 MA wpds AA, 4 ZK mpds K. fom 8¢
Umérerrae kal ) AA 7 OK, énel’ xai v I'Z toy
éoriv ) AAY {og dpa xal ) MA +5 ZK- ioov dpa
xal 70 w6 MA 7@ dmé ZK. xal éom 7 pév dmd
MA ioov 70 dwé BMA perd rob dmo AA, 7¢ 8¢

* drel . . . AD. Hultsch thinks these words are infer-
pelated ; they appear in both other versions.
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A, E respeciively, and let AA be joined and produeed,
and let it meet I'B produced in H, and let EZ be
drawn at right angles to BI' in such a way that T'Z is
equal to AA, and let ZH be joined and parallel toitlet
I'G be drawn, and, since the angle KT'O is given, from
the given point Z let ZGK be so drawn as to make OK
equal to AL or to I'Z (that this is possible is proved by
the cochloidal line), and let KA be joined and pro-
duced, and let it meet AB producedin M ; I say that
AT :KT'=KI*: MA=MA : AA,

Since BI' is bisected at E and KI' lies in BT
produced, therefore

BEK . KI'+'E*=EK2
Let EZ2 be added to both sides.
Therefore BEK.KI'+T'E?4+EZ2=EK?4EZ2,
that is BK .KI'+T'Z2=KZ2, [Bucl. i, 47
And since MA : AB=MA : AK
and MA : AK=BI': TK,
therefore MA : AB=BI": K.
And AL=1AB, 'H=2BT,
Therefore MA : AA=HI'": KT\
But on account of HZ, T'O being parallels,
HI : TK=Z6 : 8K,
Therefore, compounding,
MA : AA=ZK : KO.
But by hypothesis AA=0K, since I'Z=AA;
MA=ZK H
therefore MA2.=ZK2, :
And MAZ=BM . MA +AA2 [Encl. ii

[Eucl. ii. 6
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end ZK toov &elybn 16 dmd BI’{I: HeTa Toi dmd
ZT, &v 76 dmd AA lgov 7§ amo TZ (foy yap
smdxerar § AA Tf TZ)- loov dpa kol 70 BT
BMA r& dnd BEI ds dpa 7 MB mpos BK, 1

o

K mpés MA. ¢\ ds % BM mpos BK, 7 AT
11:,069 IE"KS ds dpa § AT mpds TK, 3 T'K mpos AM:
Zom 8¢ wai dbs % MB mpds BK, 7 MA. mpos AA-
xai s dpa § AT mpds TK, 4 TK mpés AM, wai
% AM mpds AA.

2, SQUARING OF THE CIRCLE
(a) GENERAL
Plut. De Ewil. 17, 607s, ¥
*Avfpdimov 8 oddels darpeirar Témos eﬁgi;‘-
poviay, domep o8 dperiy obde :ﬁpc:m}ow‘. '
*Avafayépas pév e’l‘f 70 Seopwmply TOv TO
xiihov Terpayavicpdy Eypade.

Aristoph. Aves 1001-1005
Tpoobels ofv éyd ,
oy xapdy dvwlber Tovrovi ToV Kapmidoy
&vbels Srafifrmy—povldves; TEIZOETAIPCE
ot pavldve. ) .
meron. "Opf perpiow xavév wpoFrbﬂeas, va
& Kirdos yémral oou TETPUyWVOS.

i blem o
o This reference shows the popularity of the pro
squa?iﬁg the circle in 414 B.c., when the Birds ;ras fer“
produced, Meton, who is here burlesciped, is t edgth
astronomer who about eighteen years earler had foun 3
after any period of 6940 days {a little over nineteen 20

808

- the Athenian Agora,
- tion to squaring the circle; zll he seems to be represented as
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and it was proved that

ZR:=BK.KT +ZI%,

T'Z2= AA? (for by hypothesis AA=TZ};

therefore BM.MA=BK .KI';

therefore MB : BK=TK : MA,
But BM :BK=AI': T'K ;

therefore ATl : TK=TK : AM,
And MB : BK=MA : AA

and therefore AT :TK=FK : AM=AM : AA,

and here

[Eucl. vi. 16

2. SQUARING OF THE CIRCLE
(a) GENERAL
Plutarch, On Ezile 17, 60TE, »

There is no place that can take away the happi-
ness of a man, nor yet his virtue or wisdom.
Anaxagoras, indeed, wrote on the squaring of the
circle while in the prison. ;

Aristophanes, Birds 1001-1005 2

Meron. So then applying here my flexible rod, and
“there my compass—you understand? PrisTue-

rairos. J don't.
Meton. With the straight rod I measure so that

" the circle may become a square for you.

. years) the sun and moon occupy the same relative positions

43 gt the beginning, and had just built a water-clock worked
by water from a neighbouring sg;ing on the Colonos in
Actually, Meton made no contribu-

doing is to divide the circle into four quadrants by twe
diameters at right angles.
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